The Tsallis entropy and the BKT-like phase transition in the impact
  parameter space for $pp$ and $\bar{p}p$ collisions by Campos, S. D. et al.
ar
X
iv
:1
80
8.
07
66
6v
2 
 [h
ep
-p
h]
  2
 Ju
n 2
01
9
The Tsallis Entropy and the BKT–like Phase Transition in the Impact Parameter
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In this paper, one uses the Tsallis entropy in the impact parameter space to study pp and p¯p
inelastic overlap function and the energy density filling up mechanism responsible by the so-called
black disk limit as the energy increases. The Tsallis entropy is non-additive and non-extensive
and these features are of fundamental importance since the internal constituents of pp and p¯p are
strongly correlated and also the existence of the multifractal character of the total cross-section. The
entropy approach presented here takes into account a phase transition occurring inside the hadrons
as the energy increases. This phase transition in the impact parameter space is quite similar to the
Berezinskii–Kosterlitz–Thouless phase transition, possessing also a topological feature due to the
multifractal dimension of the total cross-sections in pp and p¯p scattering.
PACS numbers: 13.85.Dz;13.85.Lg
I. INTRODUCTION
The transition point separating two different states of matter is known as a phase transition and is observed when a
physical system suddenly changes its macroscopic behavior due to a smooth variation of the order parameter passing
through its critical value. In the classical point of view, the temperature is usually the driving parameter of such
transitions and determines exactly the phase transition by heat transfer. Both the superfluid helium and the Ginzburg–
Landau superconducting model are very well-known examples where phase transitions are thermal-dependent in the
classical sense. In the quantum world at zero temperature, the tuning parameter is chosen depending on the experiment
(for instance, the magnetic field, chemical potential or electric field), and in these systems, the phase transition is
known as the quantum phase transition [1].
In a modern view, phase transitions (classical or quantum) are classified as first-order or second-order. The first-
order phase transition is determined by the discontinuity at first derivative of a relevant thermodynamic potential
and, as consequence, such phase transition can also be called as discontinuous one, from the point of view of the
behavior for the first derivative of the thermodynamic potential. The second-order phase transition is continuous
at the first derivative and divergent at higher order derivatives, and such phase transition can also be called as
continuous one. Despite the significant progress in the study of critical phenomena there some disagreements with
regard to terminology. For instance, the classification of phase transitions as first-order or continuous is justified in [2].
However, such classification seems self-contradictory because uses different categories, namely, "order" and the feature
(continuity/discontinuity) in the behavior of the first derivative of a relevant thermodynamic potential. Therefore the
well-known classification as first- /second-order [3] is used for phase transitions in this paper. In any classification,
the so-called critical point separates the system ordering from a symmetric state to a broken-symmetry state.
The Berezinskii–Kosterlitz–Thouless (BKT) phase transition [4, 5], whose main goal is the study of correlations
between pairs of topological defects (vortex-antivortex), is an example from a geometrical point of view. In condensed
matter physics, the study of such transition is a tool to understand how collective coherent phenomena (a topological
defect) can emerge from certain structures and how it can be connected to another one in a different space. If the
interaction between topological defects depends on the logarithm of the spatial separation, then the BKT phase
transition takes place being used to explain the phenomenon. As will show later, the model proposed here presents a
BKT-like phase transition.
As well-known, phase transitions are closely connected to the entropy of a system and to the Helmholtz free energy,
which is nothing more than the useful work that can be extracted from a closed thermodynamic system at a constant
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2temperature. In general, one applies the Boltzmann entropy (extensive) to this kind of systems. However, a non-
extensive form of entropy based on the q-Gaussian was proposed and successfully used to calculate and explain some
physical properties in several systems, in particular, those with fractal properties. This is the so-called Tsallis entropy
(TE) [6]. Notice that in the last decades, various approaches have been used to calculate the entropy of systems,
presenting interesting properties. The Shannon entropy [7], the Rényi entropy [8], and the von Neumann entropy
[9] are examples of such calculation approaches, each one applied to a specific physical problem. However, all these
formulations can be reduced to the TE [10].
Entropy is one of the most important physical quantities in thermodynamics and cannot be put aside in any reliable
model, even when its results are disconcerting in the classical world [11]. Moreover, entropy cannot only be viewed as
the disorder of a given system. Since the fundamental work of Shannon [7], the entropy have been also related to the
amount of information we can attain from the system. It should be stressed that the applicability of such quantity as
"entropy" for the study of an interaction process between atomic nuclei and particles requires a detailed and rigorous
justification. Here one can note the following with regard of two main problems: (i) a finite number of particles in the
system under consideration and (ii) T invariance in the quantum field theory (QFT). First of all, the usual way to
use entropy is by assuming some large statistical ensemble (canonical, for instance). In the classical view, the number
of elements in such an ensemble is at least of the order of the Avogadro number. However, there are filtering methods
used in information theory to reduce the number of bits, allowing at least an estimation to the entropy. Then, the
size of the ensemble is not a problem, at first glance. Of course, if the size of the ensemble grows, then the estimation
may also tend to a "better" value [12]. Second, indeed, the entropy almost always grows. Nevertheless, there are some
systems where the entropy achieves negative values. The concept of negative absolute temperature can be applied in
such systems [11]. In these systems, the arrow of time is the same, but a non-trivial interpretation must be used to
explain the result. So, the T invariance of the QFT is preserved and, in particular, the strong interactions are in a
safe place.
The calculation of the entropy is a complicated task but can provide remarkable results as the proton and electron
radii in the nucleus [13]. The z-scaling also can be used to furnish the entropy in a system with particle production [14]
and further be calculated in D-branes [15]. All these approaches used to evaluate the entropy reveal some particular
thermodynamics aspect of the system under study.
Recently, the concept of fractal dimensions was introduced in the study of pp and p¯p total cross sections [16, 17].
These fractal dimensions were used to explain the transition from a decreasing total cross section for an increasing
one as the energy tends to infinity. The fractal dimensions emerging in these pictures are energy-dependent. On
the other hand, in terms of momentum space (or in configuration space), an attempt to connect the intermittency
pattern [18, 19] in hadronic collisions to fractal dimensions uses a second-order phase transition [20–23]. The approach
presented in [24] shows this possibility through the use of thermofractals.
In the present paper, is proposed a naive model to evaluate the entropy of pp and p¯p elastic scattering adopting
subtleties assumptions. These assertions allow the connection of the TE and the inelastic overlap function in the
impact parameter space, providing a novel interpretation of the energy density filling up mechanism of the hadron as
the collision energy increases. This process can enhance the understanding of how the black disk limit is achieved (or
not).
The paper is organized as follows. In section II the impact parameter space basic formalism is presented. In
section III only the essential of the TE is presented as well as our model. Section IV present a basic example of
an application using the most general experimental results and phenomenological approaches to the inelastic overlap
function. Section V presents critical remarks about the results.
II. IMPACT PARAMETER POINT OF VIEW
The impact parameter space is the right place to study the fractal behavior of pp and p¯p since it allows a general
view of the elastic and inelastic scattering channels. In this way, using the impact parameter formalism, the fractal
dimensions obtained in [16, 18–23] may be viewed as a consequence of a phase transition in pp and p¯p elastic scattering
indicating a geometric phase transition. This topological phase transition taking place inside the hadron may be
responsible be a change in the energy density filling up mechanism, allowing the emergence of fractal structures in
the total cross section.
The impact parameter is very useful as a geometrical viewpoint of the scattering process. The squared momentum
transfer −t = |t| is replaced by its conjugate variable b, the transverse distance between the colliding particles in
impact parameter space. In this space, the analytic function F (s, t) = ReF (s, t) + iImF (s, t) representing the elastic
scattering is written at a fixed s as
F (s, t) = i4pis
∫ ∞
0
db bJ0(b
√
|t|)Γ(s, b) = i4pis
∫
0
∞
db bJ0(b
√
|t|){1− exp[iχ(s, b)]}, (1)
3where J0(x) is a zeroth order Bessel function, Γ(s, b) = ReΓ(s, b)+ iImΓ(s, b) = 1− exp[iχ(s, b)] is the profile function
and χ(s, b) is the eikonal written as χ(s, b) = Reχ(s, b)+ iImχ(s, b). The unitarity condition connects the total (σtot),
elastic (σel) and inelastic (σin) cross sections new the profile function and can be written in b-representation as
2ReΓ(s, b) =
∣∣Γ(s, b)∣∣2 +Ginel(s, b), (2)
where Ginel(s, b) is the inelastic overlap function [27] and
∣∣Γ(s, b)∣∣2 represents the shadow contribution of the elastic
channel
σtot(s) = 2
∫
d2bReΓ(s, b), σel(s) =
∫
d2b
∣∣Γ(s, b)∣∣2, σin(s) =
∫
d2bGinel(s, b). (3)
Here it is used the optical theorem s−1ImF (s, 0) = σtot(s) [28, 29]. Also the unitarity condition demands Imχ(s, b) ≥ 0,
implying that Ginel(s, b) represents the probability of an elastic scattering in the 2D kinematic space (s, b) and this
quantity is given by [30]
Ginel(s, b) = 1− exp
[−2Imχ(s, b)] ≤ 1. (4)
As usual, one can introduce the opacity Ω(s, b) defined as Ω(s, b) = 2Imχ(s, b). It is well-known that the opacity
measures the matter density distribution inside the incident particles. At lower energies [31], the opacity presents
a Gaussian shape not observed in LHC data, whose indication is the growth of opacity at small b as presented in
TOTEM data [32]. The inelastic profile function, on the other hand, determines how absorptive is the interaction
region (inelastic) depending on b. When Ginel(s, b) = 0 the object is called transparent and to Ginel(s, b) = 1, the
absorption is maximal. Theoretically the latter result, in general, occurs at b = 0 fm in the asymptotic condition
s → ∞. Notwithstanding, in [33, 34] there is an approach indicating that at b = 0 fm, the black disk limit is not
achieved. Indeed, the black disk picture seems to be achieved at some critical bc, near forward direction, indicating
the arising of a gray area [33, 34]. This model was further analyzed in [35–42] resulting in the so-called hollowness
effect near the forward direction.
Using the Fourier–Bessel transform of the amplitude (1) one can write the dimensionless profile function as
Γ(s, b) =
−i
8pi
∫ ∞
0
d|t|J0(b
√
|t|)F (s, t)
s
≡ −i
8pi
F (s, b). (5)
Neglecting derivative dispersion contributions, one can suggest that the t-dependence is taken into account by only one
real function f(s, t), which is common for both real and imaginary part of F (s, t). Thus, ReF (s, t) = ReF (s, 0)f(s, t)
and ImF (s, t) = ImF (s, 0)f(s, t). Also the last relations imply f(s, 0) = 1. Note that for small |t| (large b) inside the
Lehmann–Martin ellipse, f(s, t) can be taken in a first approximation as the same function for the real and imaginary
part of the elastic scattering amplitude, as can be viewed in [43]. For large |t| (small b), f(s, t) is also approximately
the same for ReF (s, t) and ImF (s, t). Moreover, it should be stressed that we are mostly interested here in the large
|t| region (small b). Then
ReΓ(s, b) =
1
8pi
ImF (s, 0)
s
∫ ∞
0
d|t|J0(b
√
|t|)f(s, t) = σtot
8pi
f(s, b), (6a)
ImΓ(s, b) = − 1
8pi
ReF (s, 0)
s
∫ ∞
0
d|t|J0(b
√
|t|)f(s, t) = −ρσtot
8pi
f(s, b) ≡ −ρReΓ(s, b), (6b)
where ρ(s) ≡ ReF (s, 0)/ImF (s, 0) is the ratio of the real to imaginary part of the amplitude in the forward direction.
It should be noted that experimental data show |ρ(s)| . 0.3 (0.2) at √s & 5 (3) GeV for pp (p¯p) collisions. Therefore
one can neglect the ReF (s, t) with respect of the ImF (s, t) and, as consequence, the ImΓ(s, b) with respect to ReΓ(s, b)
at accuracy level not worse than 0.3 (0.2) in the energy domains indicated above for pp and p¯p collisions [17]. Based
on the equations (6a) and (6b) one can derive for the inelastic overlap function
Ginel(s, b) = ReΓ(s, b)
{
2− ReΓ(s, b)[1 + ρ2(s)]}
≈ ReΓ(s, b){2− ReΓ(s, b)}, (7)
where the approximate relation is valid at accuracy level not worse than 0.09 (0.04) in wide energy domain
√
s & 5 (3)
GeV for pp (p¯p) collisions.
It should be noted that the results obtained above are derived with the help of the most general property of quantum
field theory, namely, unitarity condition and, consequently, they are model independent.
4III. THE TSALLIS ENTROPY
Although entropy is a well-defined quantity in physics its calculation depends on the presence or not of correlations
among the components of the lattice, for instance. The internal structure of the hadron grows in complexity as the
energy increases, possibly showing a black disk picture as s→∞, where s is the squared-energy in the center-of-mass
system. This result prevents the use of the Boltzmann entropy since the correlation between the constituents of the
hadron grows as s increases due to the confinement potential. Accordingly, the use of the TE may furnish a better
understanding of the internal structure of the hadron than the Boltzmann one.
Note that the Boltzmann entropy (SB) assumes each part of the lattice as an independent system with a defined
entropy, and the sum of all cells results in the total entropy of the system. Then, this entropy is additive, i.e., for a
system composed of a countable number of subsystems i = 1, 2, ...,W each one with entropy Si the total entropy is
given by
SB =
W∑
i=1
Si. (8)
Indeed, if the subsystems have no correlations at all or only local correlations, then SB is also extensive [6]. However,
if there are correlations between the cells the Boltzmann entropy is no longer valid and the entropy of each cell cannot
be computed separately and consequently, the total entropy is not the sum of each cell of the lattice. Of course, if
the correlations are weak, then the Boltzmann entropy can be used as a first approximation to solve the problem. An
alternative approach, however, which takes into account the correlations is provided by the TE (ST ) [6]. In a single
system composed of two subsystems a and b it is written as
ST = Sa + Sb + (1− w)SaSb, (9)
where w is the entropic index. If w 6= 1, then ST is non-additive as well as non-extensive. On the other hand, if
w = 1, the TE is reduced to the Boltzmann entropy one. Thus, w characterizes the degree of non-extensivity of
the system. It is important to stress this kind of entropy calculation is applicable when the system exhibits some
long-range correlations, intrinsic fluctuations or fractal structure in phase space [25]. The continuous form of the TE
is given by [26]
ST (p, w) =
1
w − 1
(
1−
∫ ∞
−∞
[
p (x)
]w
dx
)
, (10)
where p (x) is the probability density function. The existence of fractal structures in the momentum and in the energy
space for both pp and p¯p collisions may allow the use of the TE to study how these fractal dimensions can contribute
to the understanding of the collision process. Additionally, if one looks to the entropy as the information that may
be gained observing a physical quantity depending on (s, b) in the impact parameter space, then b may be used as a
measure of this information and how it acts on the black disk picture.
A. Tsallis Entropy in the Impact Parameter Space
In order to use the TE in the impact parameter space one assumes the following assumptions:
1. the probability density function is calculated inside a disk of radius b, the impact parameter;
2. the entropic index w can be replaced by a single real evaluated function w = w(s/sc) ≥ 0, where sc is the critical
point associated to the phase transition occurring in the total cross section [16].
The first assumption is necessary to establish an ordering in the elastic scattering process considering the growth
of the black disk picture as s increases. In the impact parameter space, all functions are b-dependent (fixed-s) and at
each value of s (s1 < s2 < ... < sn), the description of the elastic scattering acquires a black disk behavior as shown
by the profile function and the inelastic overlap function [30], i.e. the hadron radius grows with the energy. Then,
at each si there is a maximum value to ReΓ(si, b = 0), for instance, with an effective maximum range (or radius) bi
(i = 1, 2, ..., n). Hence, one computes the amount of information inside the disk of radius bi.
The second assumption is related to the critical point where the phase transition takes place. According to [16],
there are two fractal dimensions in the total cross section experimental dataset to pp and p¯p. The energy range where
σtot(s) change its curvature is
√
s ∼ 10−30 GeV, depending on the dataset considered (pp or p¯p). The non-extensivity
5of the system is given by s/sc and it represents a measure of the correlations among the internal constituents of pp
and p¯p. The phase transition occurring in the total cross section at sc represents a break in the symmetry predicted
in the seminal paper [44] and, before that, in the [45].
These assumptions can provide a way to calculate the entropy generated due a phase transition in the total cross
section as s increases [16]. In order to do that, the integral in (10) is rewritten assuming the collision event inside a
disk of radius b > 0 and an entropic index s/sc
1−
∫ ∞
0
[
p (b′)
]s/sc
db′ = 1−
∫ b
0
[
p (b′)
]s/sc
db′ = m[1− nGinel(s, b)], (11)
where m,n are dimensionless real free parameters (to prevent entropy complex values). Although the concept of
complex entropy can be well-defined in information theory [46], it will be developed in particle scattering elsewhere.
Since P (s, b) =
∫ b
0
[
p (b′)
]s/sc
db′ is a probability and 0 ≤ P (s, b) ≤ 1, then 0 ≤ n ≤ G−1inel(s, b). It is important to
stress that the integration upper limit acts as a cutoff in the impact parameter space. This cannot be viewed as a
method limitation since it is expected that b → ∞, all b-dependent functions vanishes. Hence, contributions above
some b can be neglected assuming an effective range of interaction. Therefore, the TE can be written in terms of the
inelastic overlap function as (k ≡ s/sc − 1)
ST (s, b) = mk
−1
[
1− nGinel(s, b)
]
= mk−1
(
1− nReΓ(s, b){2− ReΓ(s, b)[1 + ρ2(s)]})
≈ mk−1(1− nReΓ(s, b){2− ReΓ(s, b)}). (12)
The above relations can be rewritten as follows
ST (s, b) = mk
−1
[
ReΓ(s, b)−X1
][
ReΓ(s, b)−X2
]
, (13)
where Xi = [1 + ρ
2(s)]−1
(
1 ±
√
1− [1 + ρ2(s)]/n) ≈ 1 ±√1− 1/n, i = 1, 2. Note that m and n rules as scales for
the problem and does not alter the physical interpretation of any result obtained below, unless 0 ≤ n < 1, where
∀ i = 1, 2 : Xi. Thus, for the sake of simplicity, one adopts n = 1 and m = 1 and the TE assumes its symmetric form
in the limiting case ρ→ 0
ST (s, b) = k
−1
[
1−Ginel(s, b)
]
= k−1
(
1− ReΓ(s, b){2− ReΓ(s, b)[1 + ρ2(s)]})
≈ k−1[1− ReΓ(s, b)]2. (14)
The above result furnishes a measure of the entropy in the impact parameter space through the use of the inelastic
overlap function. It is known that Ginel(s, b) can be evaluated with the help of some model–dependent technique.
Therefore the ST (s, b) defined by the relations (12) – (14) is model–dependent in general. The signature (positive or
negative) of the TE reveals an s-dependence analyzed as follows. Considering s < sc, the signature of ST is negative
and it can be interpreted as the system using the energy of the beam to self-organize or maintain its internal structure
(quarks and gluons). Then, as s increases the entropy tends to a maximum by negative values, i.e. the system tends
to achieve the maximum of its self-organization as well. Moreover, as observed in [16], the fractal dimension in this
energy range is negative and different to pp and p¯p, producing distinct patterns to Ginel(s, b). Hence, the measure of
the emptiness of pp and p¯p total cross section results in different values to ST .
The negative entropy and the negative fractal dimensions imply the constituents, the internal arrangement to pp and
p¯p are unlike, i.e. the quark-quark and quark-gluon arrangement of the proton are different of the antiquark-antiquark
and antiquark-gluon arrangement of the antiproton. In the popular picture, one says that the odderon distinguishes
particle from antiparticle.
When the energy s grows and go through the transition point sc, the TE turns positive and stands for the system
growing disorder. As obtained in [16], the total cross section to pp and p¯p possesses positive fractal dimensions to
s > sc and both tends to the same value as s→∞. Both results have shown that at high energies the arrangement of
the internal constituents to pp and p¯p tends to the same behavior. Then, the pomeron does not distinguish particle
from antiparticle.
The different internal arrangement of proton and antiproton may absorb the incoming energy by distinct mecha-
nisms. As pointed out [16], the negative fractal dimension represents the emptiness of the hadron internal arrangement
and the total cross section is a measure of that. The internal arrangement of quarks and gluons at lower energies in
the proton picture is less empty than the arrangement of the antiquarks and gluons inside the antiproton, as can be
viewed in the total cross section experimental dataset for s < sc.
At the transition point, (s = sc) the fractal dimension to pp and p¯p total cross section is null and the system
achieves its maximum capability to convert the absorbed energy in order. This point may indicate the first saturation
6point in pp and p¯p total cross section dataset. It is interesting to note that pp and p¯p total cross section tends to the
same saturation point sc, possibly indicating this value as a universal character of total cross sections.
Above the critical point, (s > sc), the internal constituents of pp and p¯p achieve degrees of freedom previously
blocked by using the energy coming from the beam converted in thermal agitation resulting in the rise of the total
cross-section as s increases.
The above scenarios introduced by the TE and by the fractal dimension concept result in the question of how
occurs the filling up mechanism responsible by the black disk behavior of pp and p¯p as s → ∞. A possible answer
is given as follows. As well-known, in QCD the confinement of quarks and gluons prevent its freedom below the
Hagedorn temperature [47], where the hadrons are no longer stable. However, the increasing energy of the scattering
imply in the enhanced of the thermal bath at each particle is subject. This energy is then transferred to the internal
constituents of the proton and antiproton by a heat transport mechanism.
The zero entropy state can be established when at nGinel(s, b) = 1 for some particular (s, b). As well-known, zero
entropy occurs when a system achieves its ground-state (or its maximum self-organization state). Thus, at this point,
the physical state of the system is completely known (the ways one can arrange its internal configuration is exactly
one). The general belief is that nGinel(s, b) = 1 is achieved in the asymptotic limit s→∞ and at b = 0. Then, from
some s sufficiently high the energy of both pp and p¯p possess the same behavior at b = 0. However, there exist some
models indicating this result may be achieved at some b 6= 0 [35, 48]. The implication of that is the appearance of a
gray area in the inelastic overlap function near b = 0.
It is interesting to note that the first equation in the chain (12) can also be written assuming only as the first order
of the logarithm expansion below
ST (s, b) = −mk−1 ln
[
nGinel(s, b)
]
, (15)
implying higher orders are corrections for equation (12). In addition, if the logarithm of the inelastic overlap function
is connected to the pair spatial separation of the constituents of the hadron, then it can represent the interaction
of topological defects [4, 5] inside the hadron. Therefore, the TE given by equation (15) may be interpreted as a
BKT-like phase transition occurring inside the hadron at s = sc.
IV. BASIC APPLICATION: GENERAL FORM FOR THE OVERLAP FUNCTION
In this section one focus on recent inelastic overlap function models comparing the results by using ST . These
comparisons may furnish a better understanding of how entropy is released in each model. There is a wide set of
models for nucleon-nucleon elastic scattering and, therefore, it seems reasonable to discuss only those based on the
most general and basic statements of the Axiomatic Quantum Field Theory (AQFT). In the present paper, the (a)
unitarity condition and (b) asymptotic theorems are the basic ground.
A. Non-central collisions (b 6= 0)
The most general and well-established experimental result for elastic scattering is the fast decreasing of the differ-
ential cross section (dσ/dq2) with the increasing |t| ≃ q2 in the diffraction peak. As a first approximation, the dσ/dq2
shows an exponential growth with the slope B(s) at q2 under consideration. Thus, one writes for the t-dependent
part of scattering amplitude f(s, t) = exp[B(s)|t|/2] and
f(s, b) =
∫ ∞
0
d|t|J0(b
√
|t|) exp
[
B(s)|t|
2
]
≈ 2
∫ ∞
0
dq qJ0(bq) exp
[
−B(s)q
2
2
]
=
2
B(s)
exp
[
− b
2
2B(s)
]
. (16)
Then
ReΓ(s, b) =
[
σtot/4piB(s)
]
exp
[−b2/2B(s)] ≡ ζ(s) exp[−b2/2B(s)], (17a)
ImΓ(s, b) =
[−ρσtot/4piB(s)] exp[−b2/2B(s)] ≡ −ρ(s)ζ(s) exp[−b2/2B(s)], (17b)
where ζ is the parameter defined as following
ζ(s) =
σtot(s)
4piB(s)
=
4σel(s)
[1 + ρ2(s)]σtot(s)
≈ 4σel(s)
σtot(s)
. (18)
7Note that at ζ = 1 the Ginel(s, b) represent a black disk and for ζ 6= 1 the inelastic overlap function diminishes.
Moreover, the position of the maximum b2max = 2B ln ζ with the full absorption Ginel(s, bmax) = 1 depends on B(s)
and ζ(s).
Taking into account (7) and (12) one can deduce the final expressions for both the inelastic overlap function and
the TE, respectively, within a general phenomenological way for the scattering amplitude
Ginel(s, b) = ζ(s) exp
[−b2/2B(s)]{2− ζ(s) exp[−b2/2B(s)][1 + ρ2(s)]}
≈ ζ(s) exp[−b2/2B(s)]{2− ζ(s) exp[−b2/2B(s)]}, (19)
ST (s, b) = mk
−1
(
1− nζ(s) exp[−b2/2B(s)]{2− ζ(s) exp[−b2/2B(s)][1 + ρ2(s)]})
≈ mk−1(1− nζ(s) exp[−b2/2B(s)]{2− ζ(s) exp[−b2/2B(s)]}). (20)
B. Central collisions (b = 0)
The general equations (19) and (20) are obtained assuming the most general phenomenological view for the dif-
ferential cross section dσ/dq2 =
[
ImF (s, 0)/4
√
pis
]2
exp
[−B(s)q2/2]. However, the concrete form for the energy
dependence of both the Ginel(s, b) and the ST (s, b) is driven by the corresponding dependence for scattering param-
eters. The exact relations in (19), (20) are defined by energy dependencies for global scattering parameters σtot, ρ
and for the slope B, while the corresponding approximate relations depend on the ratio Re/t = σel/σtot and B. The
forward condition b = 0 allows the exclusion of the dependence on B(s). In this specific case, ReΓ(s, 0) = ζ(s) and
ImΓ(s, 0) = −ρ(s)ζ(s). Considering exactly central collision with b = 0 one obtains from the general relations (19),
(20) the following results
Ginel(s, 0) = ζ(s)
{
2− ζ(s)[1 + ρ2(s)]} ≈ ζ(s){2− ζ(s)}, (21)
ST (s, 0) = mk
−1
{
1− nζ(s)[2− ζ(s)(1 + ρ2(s))]} ≈ mk−1{1− nζ(s)[2− ζ(s)]}. (22)
The symmetric form for the TE in central collisions
ST (s, 0) = k
−1
[
1− ζ(s)]2 (23)
derived from (22) can also be viewed as the first order approximation of the logarithm series ST (s, 0) = k
−1 ln2 ζ.
Thus, for exactly central pp and p¯p collisions, only energy dependence for Re/t remains, which varies in different
models. Detailed analysis of this dependence for pp and p¯p scattering as well as for joined sample for these collisions1
is made in [55] with the help of the fitting of experimental data by an empirically chosen function.
In general, the asymptotic value ζ(s)|s→∞ varies from one approach to another due to model-dependent value
of Re/t for s → ∞. The result from [55], obtained with the help of asymptotic theorems and assumptions for the
properties of scattering amplitude for binary process 1 + 2 → 3 + 4 within AQFT, assumes that ζ(s)|s→∞ → 3.
The approach of partonic disks [56] provides some faster growth of the ratio of elastic to total cross section, which
leads to the Re/t(s) → 1 for s → ∞ and, consequently, ζ(s)|s→∞ → 4. It should be noted that Ginel(s, 0)|s→∞ < 0
in accordance with the (21) within models with ζ(s)|s→∞ > 2. On the other hand, if the total cross section in
the asymptotic energy domain is half one has usually today, i.e. is bounded by a modified Froissart–Martin limit
σtot(s)|s→∞ < (pi/2m2pi) ln2 ε [57], then the inelastic cross section bounded by (pi/4m2pi) ln2 ε is two times smaller,
where mpi is the pion mass [53], ε ≡ s/s0 and s0 = 1 GeV2. Consequently, Re/t(s) → 1/2 for s → ∞. Furthermore,
the harder boundary result Re/t(s)
∣∣
s→∞
< 1/2 can be obtained if is accepted that the elastic cross section cannot be
larger than the inelastic cross section (σinel), the limiting case being an expanding black disk [58]. This assumption
allows the restoration of ζ(s) into the interval (0,2). However, if the modified Froissart–Martin limit [57] is overcomed
and / or σel > σinel can be for s→∞, then in such approaches the identification of the inelastic overlap function with
some probability requires additional study and justification for asymptotic energies2.
1 Below for brevity the joined sample is also called the ensemble for nucleon-nucleon scattering.
2 Usually phenomenological models consider the energy domain no wider than
√
s & 3− 5 GeV excluding the narrow range on s close to
the low-energy boundary sl.b. ≡ 4m2p for the interactions (pp, p¯p) under discussion in which Re/t reaches large values in pp, where mp
is the proton mass [53]. Moreover, this low-energy range is excluded in the present analysis due to above condition |ρ(s)| . 0.3.
8The experimental database for Re/t(s) and fit results for this quantity are taken from [55] and are used in order
to evaluate the energy dependencies for both Ginel(s, 0) and ST (s, 0) in pp, p¯p elastic scattering
3. Among analytic
functions suggested in [55], the approximation with the power law term ∝ ε−β leads to a slightly better description of
experimental data for Re/t than the function with the term ∝ ln−γ ε at low boundaries for fitted intervals on energy√
smin ≥ 3 GeV. In accordance with the discussion above, the approximate relations in (21) and (22) are valid for√
s & 5 (3) GeV for pp (p¯p) collisions at accuracy level not worse than 0.09 (0.04). Consequently, the following analytic
function is considered for Re/t(s):
Re/t(s) = a1 + a2 ln
a3 ε+ a4ε
−a5 , (24)
where free parameters ai, i = 1 − 5 depended on range of the fit, i.e. on the low boundary for the energy interval
s ≥ smin [55]. Moreover, the results from [55] allow the comparison with other phenomenological approaches: the
smooth curves for Ginel(s, 0) and ST (s, 0) are obtained by using the Re/t(s) estimated as the ratio of approximation
for σel from [59] considering "standard" functions for σtot in pp and p¯p reactions from Ref. [53].
Figs. 1 and 2 show the energy dependence for the inelastic overlap function in central pp and p¯p collisions,
respectively. Estimations for Ginel(s, 0), deduced with the help of the experimental values for Re/t(s) within present
work, are shown by points. Solid triangles in Fig. 1 are from [60, 61], results for Ginel(s, 0) obtained for p¯p in [60]
are shown by open symbols in Fig. 2. Smooth curves obtained in [55] are also re-calculated for Ginel(s, 0). As seen,
estimations for Ginel(s, 0) deduced with the help of the ratio of the elastic to total cross sections, agree quite well with
the results obtained by another techniques in [60, 61] at corresponding
√
s for pp (Fig. 1) and p¯p (Fig. 2) collisions.
Such agreement confirms the validity of the approach used here for the production of the energy dependence of inelastic
overlap function in central pp and p¯p collisions.
In general, the experimental estimations for Ginel(s, 0) deduced considering the result (21), are featured by large
errors which turns difficult to obtain unambiguous physical conclusions. Considering large errors, one can suppose
that pp (Fig. 1) and p¯p scattering (Fig. 2) are close to the black disk picture for
√
s . 10 GeV. Then, trend is seen for
some decreasing of Ginel(s, 0) up to the highest Intersecting Storage Rings (ISR) energy
√
s ≈ 63 GeV. There are gaps
without experimental data for both pp and p¯p, especially large for the first case. The importance of new experimental
data from Relativistic Heavy Ion Collider (RHIC) at the interval
√
s ∼ 0.1 − 0.5 TeV and from low-energy Large
Hadron Collider (LHC) mode for
√
s ∼ 1.0 TeV is mentioned elsewhere [55]. Experimental estimations for pp for√
s > 1 TeV agree quite well with the black disk picture (Fig. 1, inner panel) and this statement is valid for p¯p
starting with
√
s = 546 GeV (Fig. 2). As seen in Figs. 1, 2, the smooth curves obtained within various models
describe reasonably the experimental estimations for the Ginel(s, 0) in whole available energy range
√
s ≥ 5 (3) GeV
for pp (p¯p) collisions. This is expected due to corresponding results for Re/t(s) [55] for the estimations of Ginel(s, 0),
deduced within the present work. Moreover, the smooth curves agree reasonably with the estimations obtained by
another technique in [60, 61] for both pp (Fig. 1) and p¯p (Fig. 2) collisions with some underestimation for the last
case. The constant Ginel(s, 0) ≈ 1.0 agrees with high-energy pp and p¯p experimental estimations. Empirical curve
based on (24) is close to the one obtained with parameterizations from [53, 59] for
√
s ≤ 1 TeV for both pp (Fig. 1)
and p¯p (Fig. 2) collisions. In the last case some discrepancy is seen for
√
s . 10 GeV, which can be explained by the
fact that, strictly speaking, the parametrization for σel from [59] is obtained for
√
s ≥ 10 GeV. For the pp scattering
both curves based on the result (24) and on the parameterizations from [53, 59] show a gradual decreasing of the
Ginel(s, 0) considering ultra-high energies
√
s & 100 TeV and (24) leading to the noticeable deviation from black disk
limit at O(100 TeV). In general, this observation is also valid for p¯p (Fig. 2). However, in this case the behavior of
the curves is characterized by considerable uncertainty in multi-TeV energy domain
√
s > 10 TeV due to the lack of
experimental estimations.
Fig. 3 shows the Ginel(s, 0) for nucleon-nucleon collisions. Based on the above discussion, the present results are
only shown in Fig. 3 for clearer picture. The experimental estimations agree for pp and p¯p scattering for close
√
s.
The constant describe points reasonably for intermediate energies 10 ≤ √s ≤ 100 GeV and for high-energy domain.
One can note that the constant dotted line obtained with the help of the corresponding result for
√
s > 1 TeV from
[55] agree quite well with experimental estimation at smaller
√
s = 546 GeV. Then, one can suggest that the constant
allow a reasonable description of the experimental estimations for Ginel(s, 0) for joined nucleon-nucleon sample in
wider energy range
√
s > 100 GeV with respect to the result for Re/t(s) [55]. The approach based on the (24) predicts
the onset of deviation from the black disk limit at O(100 TeV) and the continues decreasing of the inelastic overlap
function in central nucleon-nucleon collisions with the growth of s provides Ginel(s, 0)→ 0 for PeV energies.
3 In the paper total errors are used for estimations based on the experimental points for Re/t(s), unless otherwise specified. The total
error is calculated as addition of systematic and statistical uncertainties in quadrature [53].
9Taking into account the analysis in [16] the TE in central pp, p¯p collisions is calculated at
√
sc = 25.0 GeV in the
present work. As seen from (23), the ζ(s) = 1.0 corresponds to a maximum (s < sc) or a minimum (s > sc) of the
ST (s, 0). Results from [55] show the ζ(s) ≈ 1.0 can be reached in separate points at intermediate energies
√
s ≃ 5
GeV, and this is a characteristic value in TeV energy domain. A detailed analysis of (23) show that ST (s, 0) presents
a sharper behavior as s approaches to the critical value sc. Furthermore, the absolute values of the TE for s < sc
(|ST | = −ST ) are mostly larger by orders than that for s ≫ sc (|ST | = ST ) at √sc = 25.0 GeV. Therefore, the
|ST (s, 0)| seems a more adequate quantity for the study of s-dependence in wide energy domain for the symmetric
form of the TE in central pp, p¯p collisions.
Figs. 4 – 6 show the energy dependence of the magnitude of the TE in central pp, p¯p collisions and for joined
sample in nucleon-nucleon scattering, respectively. Experimental estimations for |ST (s, 0)| are deduced with help of
the database for Re/t(s) from [55] and relations (18), (23). Notations for experimental estimations and smooth curves
are the same as in Figs. 1 – 3. Maximum value |ST (s, 0)| ∼ 1 is reached for experimental estimations obtained for pp
collisions close to the critical energy
√
sc (Fig. 4), different collisions are featured by similar values of |ST (s, 0)| at close
values of collision energy (Fig. 6) and growth of s leads to the fast decreasing of |ST (s, 0)| for s > sc. The empirical
curves based on (24) and on the parameterizations from [53, 59] demonstrate the sharp deeps for TeV energies and
these deeps are at various s in pp (Fig. 4) while they coincide in p¯p scattering (Fig. 5). The parameterizations from
[53, 59] provides |ST (s, 0)| mostly large than the empirical function (24) at low and intermediate energies s < sc for
both pp and p¯p collisions. The situation is more ambiguous at high energies
√
s > 1 TeV. For the first case (Fig.
4), the curve evaluated from (24) lies higher than the curve based on the parameterizations from [53, 59] up to the√
s ≃ 5 TeV and in the ultra-high energy domain √s & 100 TeV. In p¯p scattering (Fig. 5), the fit result from [55]
provides smooth curve for |ST (s, 0)|, which is higher than the similar curve deduced with the help of the functions
from [53, 59], and difference is especially visible for
√
s ≥ 10 TeV.
V. FINAL REMARKS
As pointed out in [16], the total cross section experimental dataset for pp and p¯p present two fractal dimensions.
The Peres–Shmerkin theorem [62] states that if a dataset possesses two fractal dimensions, then the sum of both is
not equal to the original dimension of the dataset [17]. The fundamental question is if the total cross section forms
a closed, has no isolated points, dense and compact dataset. Of course, the dataset is dense since the general belief
is that it can be described by a continuous real-valued function of s, for instance. It is compact and has no isolated
point as well. However, the term closed implies the existence of a maximum value for the total cross section rise.
Note that the Froissart–Martin bound does not prevent this behavior but one cannot assume this from the approach
used here.
As noted in [33–35] the region near the central collision (b = 0 fm) presents a growing gray area indicating a
tendency for higher energies, corroborated by [63, 64]. Moreover, the inelastic overlap function is well-described only
by the use of at least two Gaussian [64]. This behavior on the impact parameter space may be viewed as a reflex of the
occurrence of fractal dimensions in energy and momentum spaces [16–23]. Therefore, the inelastic overlap function
may also present a fractal behavior at each s considered, indicating a phase transition occurring at some b0 = b(sc).
The principle of maximum entropy states that the probability function correctly describing a dataset is the one with
the largest entropy S. The entropy (12) is about a particular scattering at some fixed-s. To each si one can construct
a dataset taking the pair
[
0, Ginel(si, b(si))
]
, i.e. the line contained in [0, b(si)]. The dataset thus constructed is a
homeomorphism to the Cantor set and then, the Peres–Shmerkin theorem is valid since the dataset formed possess
two fractal dimensions. Therefore, by the approach used here the precise knowledge of whole Ginel(s, b) is avoided by
the Peres–Shmerkin theorem and the black disk limit may be reduced to a quasi-black disk limit near b = 0 (the gray
disk in [33, 34]). This result is independent of the total cross-section reach or not a maximum value.
The TE (12) can also be related to the amount of information in the area of width k−1 and the curve given bym
[
1−
nGinel(s, b)
]
depending on each s used. Of course, m
[
1− nGinel(s, b)
]
is limited to the range ∀ i : [0, Ginel(si, b(si))],
and, therefore, this area assumes a finite value as well as the amount of information one can obtain from it.
The study of the transition point (the critical temperature) can reveal some important properties of the arrangement
of the internal constituents [65]. The temperature at the transition point sc is, of course, of great interest and the
result can easily be obtained by using the Helmholtz free energy. The approach considered here entails the possibility
of negative temperatures occurring inside the hadron in both energy regimes s < sc and s > sc. In the first case,
the negative temperature allows to hadron the formation of a torus with a smoothed edge toward the center. The
latter, indicate the hadron acquires a disk-like shape, tending to a point-like object as the energy tends to infinity. As
well-known, the negative temperature has been interpreted as the change in the occupancy of the energy states [11]
along the years: the probability of the occupation of the higher-energy states is greater than the lower-energy states.
Therefore, the phase transition obtained here is evidenced by an inversion of the occupation number of the energy
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states by the internal constituents of the hadron as the energy increases. The negative temperature also avoids the
internal constituents to gain kinetic energy, turning the system stable [68].
The phenomenological analysis for the inelastic overlap function and for the magnitude of the TE in central collisions
allows the following conclusions. The Ginel(s, 0) is close to the black disk limit for
√
s . 5 GeV and, especially, for
TeV energies in both pp and p¯p collisions. There is indication on the Ginel(s, 0) < 1 within large errors in the region
10 .
√
s . 100 GeV. Smooth curves evaluated with the help of the model-independent empirical function (24) and
from parameterizations with universal ln2 ε asymptotic term for σtot, σel show the deviation of Ginel(s, 0) from the
black disk limit for ultra-high energies. The curve based on the model-independent approach predicts Ginel(s, 0)→ 0
in nucleon-nucleon collisions for PeV energies. The experimental estimations for TE magnitude reaches the maximum
|ST (s, 0)| ∼ 1 close to the critical energy and smooth curves predict very small values of |ST (s, 0)| for nucleon-
nucleon collisions for ultra-high energies, in particular, |ST (s, 0)| ∼ 10−10 at
√
s ∼ 1 PeV in accordance with the
model-independent curve based on the equation (24).
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FIG. 1: Energy dependence for the inelastic overlap function in central pp collisions Ginel(s, 0). Experimental estimations
obtained within present work are shown by open points, the solid symbols correspond to the results from [60, 61], curves are
evaluated with help of the smooth dependencies for Rpp
e/t
from [55]. Solid curve corresponds to the results of the fitting of
experimental Rpp
e/t
(s) by (24) at
√
smin = 5 GeV and dotted line – by constant at
√
smin = 100 GeV (see detailed description in
the text). The thin solid line is obtained on basis of the ratio of the approximation for σel(s) from [59] to the analytic function
for σpptot(s) from [53]. Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
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FIG. 2: Energy dependence for the inelastic overlap function in central p¯p collisions Ginel(s, 0). Experimental estimations
obtained within present work are shown by solid points, the open symbols correspond to the results from [60], curves are
evaluated with help of the smooth dependencies for Rp¯p
e/t
from [55]. Solid curve corresponds to the results of the fitting of
experimental Rp¯p
e/t
(s) by (24) at
√
smin = 3 GeV and dotted line – by constant at
√
smin = 100 GeV (see detailed description in
the text). The thin solid line is obtained on basis of the ratio of the approximation for σel(s) from [59] to the analytic function
for σp¯ptot(s) from [53]. Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
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FIG. 3: Energy dependence for the inelastic overlap function in central nucleon-nucleon collisions Ginel(s, 0). Experimental
estimations obtained within present work are shown by open points for pp and by solid points for p¯p scattering, curves are
evaluated with help of the smooth dependencies for Re/t from [55]. Solid curve corresponds to the results of the fitting of
experimental sample for Re/t(s) joined for pp and p¯p by (24) at
√
smin = 3 GeV, dotted line – by constant at
√
smin = 1 TeV,
thin solid curve corresponds the fit of Re/t by constant in the intermediate energy range at
√
s ∈ [10; 100] GeV (see detailed
description in the text). Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
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FIG. 4: Energy dependence for absolute values of the TE in central pp collisions ST (s, 0). Notations for experimental estimations
and curves are the same as in Fig. 1. Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
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FIG. 5: Energy dependence for absolute values of the TE in central pp collisions ST (s, 0). Notations for experimental estimations
and curves are the same as in Fig. 2. Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
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FIG. 6: Energy dependence for absolute values of the TE in central pp collisions ST (s, 0). Notations for experimental estimations
and curves are the same as in Fig. 3. Inner panel: experimental estimations and curves for the energy domain
√
s > 1 TeV.
